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THE POLES OF FINITE GROUPS OF FRACTIONAL LINEAR 
SUBSTITUTIONS IN THE COMPLEX PLANE. 

By W. B. CARVER, Cornell University. 

In his Lectures on the Icosahedron, Klein shows that any finite group 
of fractional linear substitutions may be transformed to a canonical form 
such that each substitution will correspond (by the ordinary stereographic 
projection) to a rotation of the sphere which has the unit circle as a great 
circle. In this canonic form the two poles of each substitution are what we 
may call skew-inverse with respect to the unit circle; i. e. they lie on a line 
with the center, and the product of their distances from the center is -1. 
Two points may be said to be skew-inverse with respect to any circle C of 
radius r if they are collinear with the center and the product of their 
distances from the center is -re. This relation, unlike the ordinary inverse 
relation, is not invariant under the general fractional linear substitution. 
Hence the following two questions (which are practically equivalent) nat- 
urally arise: 

(1). If a finite group of fractional linear substitutions is not in canon- 
ic form, do its operations correspond by a stereographic projection to rota- 
tions of a sphere having some other circle of the complex plane as a great 
circle? 

(2). If upon all the pairs of points skew-inverse with respect to some 
circle of the complex plane one operates with an arbitrary fractional linear 
substitution, will they go into pairs skew-inverse with respect to a circle; 
and if so, what circle? 

It is the purpose of this paper to answer these questions in reverse 
order. 

If the points of a sphere are projected upon the plane of a great circle 
C from a pole of C, a familiar one-to-one correspondence is established 
which has the following well-known properties: 

Circles on the sphere correspond to circles* in the plane. 
Great circles on the sphere correspond to circles in the plane which 

* The term circle is to be understood to include straight lines. 
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cut C at the ends of a diameter of C. These circles may be said to be "dia- 
metric" to C. 

The ends of a diameter of the sphere correspond to a pair of points 
skew-inverse with respect to C. 

From the above properties of the stereographic projection one may 
readily deduce the following theorems: 

(a). Two circles, each diametric to a circle C, intersect in a pair of 
points skew-inverse with respect to C. 

(b). Any circle passing through a pair of points skew-inverse with re- 
spect to C is diametric to C. 

(c). Through any two pairs of points skew-inverse with respect to C, 
one and only one circle can be passed. 

Now let C be any circle (not a straight line) in the complex plane; and 
let 

a Z+l3 z = + 

be an arbitrary fractional linear substitution on the complex variable z (sub- 
ject only to the restriction a r A ) The point-r is sent by this sub- 
stitution to infinity, and this point has a skew-inverse partner with respect 
to C. Of this pair of points, let P be the one inside, and Q the one outside 
of the circle C. Let r be the radius of C, and d the distance from the cen- 
ter of C to P. Then let K be the circle which is diametric to C, and with 
respect to which P and Q are ordinary inverse points. This circle is always 
uniquely determined; for it must pass through the ends of the diameter of C 
which is perpendicular to the line PQ, and its center is at a distance 

di- r2-d, from the center of C. (Since r>d, d, has the same sign as d, 
and hence P and the center of K lie on the same side of the center of C. 

If now A and B are any pair of skew-inverse points with respect to 

C, and the substitution Z'= aZ?+ sends A into A', B into B', and the circle r Z-F1 
K into the circle* K', it may be very readily seen that A' and B' will 
be skew-inverse with respect to K'. For the two points P' and Q' will be 
inverse with respect to K'; and since one of them is at infinity, the other is 
the center of K'. The points A, B, P, and Q lie on a circle M (theorem 
(c) ), which goes into a straight line M' through the center of K. The line 
PQ goes into the line P'Q'. The intersections R and S of the line PQ and the 
circle K go into R' and S', ends of a diameter of K'. Since R and S are 
skew inverse with respect to C (theorem (a)), A, B, R, and S lie on a cir- 
cle N which goes into a circle N' diametric to K'. A and B, intersections 

* It should be noted that K' must be a proper circle and not a straight line. 



29 

of the circles M and N, go into A' and B', intersections of M' a diameter of 
K', and N' a circle diametric to K'. Hence A' and B' are inverse with re- 
spect to K'. 

This answers question (2). And question (1) may then be answered 
in the affirmative in view of the two following facts: 

First, any arbitrary finite group of fractional linear substitutions may 
be obtained by transforming one of Klein's canonical groups by a fractional 
linear substitution; and 

Secondly, if the poles of a fractional linear substitution are skew-in- 
verse with respect to some circle C, then this substitution corresponds, by 
stereographic projection, to a rotation of the sphere which has C as a great 
circle. 

HISTORICAL NOTE ON THE NEWTON-RAPHSON METHOD 
OF APPROXIMATION. 

By FLORIAN CAJORI, Colorado College. 

Newton explained his method of approximation to the real roots of 
numerical equations in a tract, De analysi per aequationes numero terminor- 
aum infinitas, * which is celebrated chiefly as containing the first announce- 
ment of the principle of fluxions and the binomial theorem. Newton placed 
it in the hands of his teacher, Isaac Barrow, in 1669. Barrow sent it to John 
Collins, a member of the Royal Society, who, for his zeal for collecting and 
diffusing scientific information, received the sobriquet of "English Mer- 
senne. " The tract became known to some correspondents of Collins and to 
friends of Newton, but it was not printed until 1704 and 1711. Substantial- 
ly the same explanation of his method of approximation to the roots of nu- 
merical equations was given by Newton in a second tract, the Methodus flux- 
ionum et serierum infinitarum, which was planned for publication in 1671, 
but was not printed until 1736. 

The earliest printed account of Newton's method of approximation 
appeared in Wallis' Algebra, London, 1685, chapter 94. Wallis explains 
Newton's process of solving y3 -2y-5z0, and derives, in the equation 
y3 +axy+aay-x3 -2a3=0, Newton's value of y expressed in terms of a and 
x by a rapidly converging series. The two equations are treated by Newton 
in much the same manner. The solution of y'-2y-5=0 is exhibited in 
Wallis' Algebra, as also in the two tracts of Newton referred to above, in 
paradigms which are identical except in some of the last digits in the deci- 
mal fractions. The following is copied from page 268 of Vol. I of Newton's 
Opera (Ed. Horsley): 

* Isaac Newton's opera (Edition by Horsley), 1779-1785, Vol. I, pp. 268-269. 
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